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¥ÀÑ 15 <ë\e�Ó�Ào. 3�Á¥, ·u��~, k3?\ 15 <

¶ü. e¡0�·éùügÀo�Á¯K�){, ¿éJÝ?1��µ�. Ø�

�?, ¹�Öö1µ��.

�©^ 1.a, 2.a©OL«1 1 g�Á½1 2 g�1 aK.

K 1.1 � p, q´�½�ü�Ú� 1 ��¢ê. y²: é?¿�� 2017 �¢

ê| (y1, y2, · · · , y2017), Ñ�3��� 2017 �¢ê| (x1, x2, · · · , x2017), ÷v

pmax {xi, xi+1}+ qmin {xi, xi+1} = yi, i = 1, 2, · · · , 2017.

ùp x2018 = x1.

y² P

fy(x) =


y−qx
p
, x ≤ y;

y−px
q
, x > y,

.

Äky²XeÚn:

ÚÚÚnnn e�½ x, y ∈ R, K z ∈ R÷v pmax {x, z}+ qmin {x, z} = y��=

� z = fy(x), Ù¥ f ´þã½Â�¼ê.

Úny² ¿©5��u�=�.

�y7�5. �L5¿� gx(z) = pmax {x, z} + qmin {x, z}3 Rþ4O,

� gx(z) = y�õ��": z. �k��": fy(x). y..

ÂvFÏ: 2018-02-01; ?¾FÏ: 2018-03-29.
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£££������KKK. 5¿�, é?¿ y ∈ R, fy(x)�ëY~¼ê.

due�½
 x1, K x2 = fy1(x1), x3 = fy2(x2), · · · , x2017 = fy2016(x2016)�

½�, �Ly²T�3�� x1.

�Ä�§

fy2017(fy2016(· · · fy1(x)) · · · )− x = 0. (∗)

d�§�>� x�ëY~¼ê, � x → ±∞� LHS → ∓∞, ��§ (∗)T

k��":.

e� x1 � (∗) ":. ²wd� (x1, x2, · · · , x2017) ÎÜK¿. ����3

�| (x1, · · · , x2017). q?�| (x1, · · · , x2017)þ÷v x1 = fy2017(x2017) = · · · =

fy2017(· · · fy1(x) · · · ), = x17� (∗)���). ? x2, · · · , x2017�½�. ��õ

k�| (x1, x2, · · · , x2017).

nþ, Tk�|ÎÜK¿, y.. �

µ5 dK´���©#L�¼êS�¯K, ¢SJÝØp.

K 1.2 e����ê���ê��ê� 2018 �Ø, K¡Tê�“k�ê”.

(½¤k��ê d, ¦��3��ú�� d�Ã¡���ê�, Tê�¥z��

Ñ´k�ê.

) dK�Y´: ¤¦ d÷v�¿�^�´: �3�ê q÷v

q1009 | d, � d 6= 21009. (∗)

(1) � d÷v (∗). y�Ñ÷v�¦���ê���E.

eÛ�ê q÷v q1009 | d, � r� mod q��g��{, Kê�

an = q1008(
d

q1008
n+ r)

± d�ú�.

d τ(an) = 1009τ( d
q1008

n + r),  d
q1008

n + r ≡ r (mod q)� d
q1008

n + rØ�

²�ê. � 2018 | τ(an).

e 21009 | d� d 6= 21009, � t = d
21009

> 1.

(i) e t�óê, - an = 21008( d
21008

n+ 3).

(ii) e t�Ûê, � q | t, q��ê, - r� mod q�g��{. ÷v 2 - r.

(eØ,, ò r�� r + q). -

an = 21008(
d

21008
n+ r), τ(an) = 1009τ(

an
21008

).

©Ok an
21008
≡ 3 (mod 4)� an

21008
≡ r (mod q), � 2 | τ( an

21008
), 2018 | τ(an).
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nþ, ·��EÑS�ÎÜK¿.

(2) ey²: ÎÜK¿� d÷v (∗).

�k�ê� {an}± d�ú�.

(a) ey�3 q��ê, q1008 | (d, a1), � q1009 | d.

b�(ØØ¤á. �Q =
{
�ê q : q1008 | (d, a1),� q1009 - d

}
. - P ��

ê�8. ?¿ q ∈ P \Q, q1008 - (d, a1).

�EÓ{�§|

a1 + (n− 1)d ≡ q1009 (mod q1010), ∀ q ∈ Q,

⇔ a1
q1008

+
d

q1008
(n− 1) ≡ q (mod q2), ∀ q ∈ Q.

d¥I�{½n, T�§|k¤��ê��Ã¡�) n = km + t, k, t�½�,

m ∈ N+, Ù¥ k =
∏
q∈Q

q2.

- bm = akm+t, {bm}���ê�, Ùú� d′ = kd = d
∏
q∈Q

q2.

- s = (b1, d
′). é?¿ q ∈ Q,

νq(s) = min {νp(b1), νp(d′)} = min {1009, 2 + νq(d)} = 1009,

Ù¥ b1 = ak+t ≡ q1009 (mod q1010).

é?¿ q ∈ P \Q,

νq(s) ≤ νq(d
′) = νq(d) ≤ 1007.

�é?¿ q ∈ P , νq(s) 6≡ −1 (mod 1009).

d)|�X½n, �3 m0 ∈ N+,
b1
s
+ d′

s
(m0− 1)��ê, �ù��m0kÃ

¡�.

�m0¿©�, ¦ b1
s
+ d′

s
(m0 − 1) > s, K ( b1

s
+ d′

s
(m0 − 1), s) = 1.

τ(bm0) = τ(s)τ(
b1
s
+
d′

s
(m0 − 1)) = 2τ(s)

= 2
∏
q∈P

(νq(s) + 1) 6≡ 0 (mod 1009),

= 1009 - τ(akm0+t), gñ.

(b) ey d 6= 21009.

b� d = 21009. d (a), 21008 | (d, a1). � a1 = 21008r, � k ∈ N+, k
2 > r,

k ≡ r (mod 2). K 21008k2 = a
1+ k2−r

2

�ê�¥�, 2 - τ(21008k2). gñ.

d (a)9 (b)� d÷v (∗), y.. �

µ5 dK�{�{ü, =��ê�úÏê�¦^)|�X½n5�Eg
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ñ, �Lã�Ù¿ØN´.

K 1.3 3 4ABC ¥, � ω �> AB, AC ©O��u: D Ú E, D 6= B,

E 6= C, � BD + CE < BC. : F,G3> BC þ, ÷v BF = BD, CG = CE.

��ã DG,EF ��u:K. : L3 ω��l DE
_
þ, ¦� ω3 L?���²

1u BC. y²: 4ABC �S%3��KLþ.

S
X

L
Y

T

G
K

I

F

E

D

B C

A

y² L L���� AB,AC u S, T , K ST �BC. Ïd

∠LDA = ∠DLS =
1

2
∠ASL.

q

∠BDF = ∠BFD = 90◦ − 1

2
∠ABC = 90◦ − 1

2
∠ASL,

¤± ∠LDF = 90◦.

Ón, ∠LEG = 90◦.

�� FI,GI � X, Y , Ù¥ I �4ABC S%.

5¿�, D,F 'u BI é¡, E,G'u CI é¡, D,E 'u AI é¡, =

XI = FI = DI = EI = GI = Y I.

� DEFGXY 8:��.

d ∠FDL = ∠FDX = 90◦, � D,L,X ��. Ón, E,L, Y ��.

3� (DEFGXY )¥, é8>/XDGY EF ^ødk½n, �K, I, L��.

y.. �

µ5 â`dK�{�õ. XJuy DEFG��, |^ødk½nAT´

g,�.

K 1.4 � f Ú g´½Â3�ê8�����ê�ü�¼ê, ÷vé?¿�
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ê x, y, Ñk

f(g(x) + y) = g(f(y) + x).

b� f ´k.�, y²: g´±Ï¼ê, =�3��ê T , ¦�

g(x+ T ) = g(x)

é¤k�ê x¤á.

y² � F � f ���. G� g���. é?¿� x ∈ Z,

g(x) = g(x− f(0) + f(0)) = f(0 + g(x− f(0))) ∈ F.

¤± G ⊆ F . Ón, F ⊆ G, � F = G.

d f �k.5, 9 F ⊆ Z, � F =dk�����¤. �

G = {a1, a2, · · · , ak} , Ai = {x ∈ Z | g(x) = ai} , i = 1, 2, · · · , k.

e k = 1, K G�~�¼ê, (Ø�y. �Ø�� k ≥ 2. K G¹�"�� t,

d t ∈ F , � t = f(s).

5¿�, e x1, x2 ∈ Z¦ g(x1) = g(x2), K

g(x1 + t) = f(s+ g(x1)) = f(s+ g(x2)) = g(x2 + t). (1)

é?¿ i ∈ {1, 2, · · · , k}, ?� x0 ∈ Ai, � x0 + t ∈ Aj, j ∈ {1, 2, · · · , k}, (1)

L²é?¿ x ∈ Ai, x+ t ∈ Aj. ½Â π(i) = j.

,��¡, é?¿ j ∈ {1, 2, · · · , k}, ?� x0 ∈ Aj, � x0 − t ∈ Ai, 7k

π(i) = j.

� π : {1, 2, · · · , k} → {1, 2, · · · , k}�÷�, l π � {1, 2, · · · , k}þ��

�. �ü �� e(i) = i (i = 1, 2, · · · , k).

dÙ��(Ø, �3 M ∈ N+, π
M = e. Ké?¿ x ∈ Z, � x ∈ Ai, K

x+Mt ∈ AπM (i) = Ai.

¤± g(x) = g(x+Mt). � g±M |t|�±Ï. y.. �

µ5 dK´��#L��~5�¼ê�§K, k�p�|Ü�¦.

K 1.5 �½��ê k, é��ê n, e|Üê C0
n,C

1
n, · · · ,Cn

n¥� k�Ø�

ê��êØ�u 0.99n, K¡ n´“Ð�”. y²: �3��êN , ¦� 1, 2, · · · , N

¥Ð�êØ�u 0.99N �.

y² é t ∈ N+, ε ∈ (0, 1),¡��ê n� (t, ε)−Ð�, e C0
n,C

1
n, · · · ,Cn

n¥

�õ εn�Ø� t�Ø.
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e¡Äky²ü�Ún.

ÚÚÚnnn 1. � p��ê, α ∈ N+, ε ∈ (0, 1), K�3 β ∈ N+, é?¿ n ∈ N+,

e n 3 p?�e�� β  Ø� p− 1, K n� (pα, ε)−Ð�.

y² � β ¦�
α−1∑
i=0

p1−i(1 − 1
p
)β−iCi

β ≤ ε. 5¿ β ¿©���ý→ 0, �ù

�� β �3.

� pr ≤ n < pr+1, ?� n� β �Ø� p− 1� . (i)

� Ai��u pr+1��ê¥3 (i)(½� β � þTk i�� p− 1�ê�

�ê (0 ≤ i ≤ β), K

Ai = Ci
βp

r+1−β(p− 1)β−i ≤ nCi
βp

1−i(
β − 1

p
)β−i,

α−1∑
i=0

Ai ≤ εn.

,��¡, ¦� pα - Cx
n ���ê x, 3 (i)(½� β  þ�õ α − 1 �

p− 1.

ùL²ù��ê��ê ≤
α−1∑
i=0

Ai ≤ εn. � n� (pα, ε)−Ðê. y..

ÚÚÚnnn 2. � p ��ê, β ∈ N+, ε ∈ (0, 1), K�3 N0 ∈ N+, é?¿

� N ≥ N0, 1, 2, · · · , N ¥�õ εN �3 p?�e�õ β − 1 Ø� p− 1.

y² - N0 = pγ, Ù¥ γ ÷vé?¿ r ≥ γ,
β−1∑
i=0

(p− 1)iCi+1
r+2 ≤ εpr. 5¿�

�>� rõ�ª, �é¿©�� γ÷v^�.

� pr ≤ N < pr+1, K r ≥ γ.

�Ly²: 3 1, 2, · · · , pr+1 − 1¥, �õ εpr �¦3 p?�e�õ β − 1 

Ø� p− 1.

�3�N j ê¥, p?�e�õ β− 1 Ø� p− 1�k Bj(1 ≤ j ≤ r+1)

�. Ù¥ p?�eTk i Ø� p− 1�k Ci,j(0 ≤ i < β)�, d

Ci,j ≤ Ci
j(p− 1)i

�

Bj =

β−1∑
i=0

Ci,j ≤
β−1∑
i=0

(p− 1)iCi
j.

K3 1, 2, · · · , pr+1 − 1¥, 3 p?�e�õ β − 1 Ø� p− 1�ê��ê�

r+1∑
j=1

Bj ≤
r+1∑
j=1

β−1∑
i=0

(p− 1)iCi
j =

β−1∑
i=0

(p− 1)iCi+1
r+2 ≤ εpr.

l(Ø�y.

íííØØØ é?¿�ê p, α ∈ N+, ε ∈ (0, 1), �3 N0 ∈ N+, é?¿ N ≥ N0,
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1, 2, · · · , N ¥�õ εN �Ø� (pα, ε)−Ðê.

£££������KKK.

e k = 1, (Øw,¤á. Ø�� k ≥ 2.

� k = pα1
1 · · · pαt

t , t ∈ N+, pi��ê, αi ∈ N+, i ∈ {1, 2, · · · , t}.

é i = 1, 2, · · · , t, díØ, �3 Ni ∈ N+, é?¿ N ≥ Ni, 1, 2, · · · , N ¥�

õ 0.01
t
N �Ø� (pαi

i ,
0.01
t
)−Ðê.

� N ≥ max
1≤i≤t

Ni. K 1, 2, · · · , N ¥�� 0.99N �Ó�� (pαi
i ,

0.01
t
)−Ðê,

i = 1, 2, · · · , t. (∗)

dé n ∈ N+, e nÓ�� (pαi
i ,

0.01
t
)−Ðê, K C0

n,C
1
n, · · · ,Cn

n ¥�õ
0.01
t
n

�Ø� pαi
i ��ê. ��õ 0.01n�Ø�,� pαi

i �Ø.

��� 0.99n+ 1��¤k pαi
i ��ê, � n�Ðê.

l (∗)= 1, 2, · · · , N ¥�� 0.99N �Ðê. y.. �

µ5 dKvk��þ�JÝ, =���¿©�� N =�. �`�Ùk
(

J.

K 1.6 �m,n´��ê, A1, A2, · · · , Am´,� n�8Ü�m�f8. y

²:
m∑
i=1

m∑
j=1

|Ai| · |Ai ∩ Aj| ≥
1

mn

(
m∑
i=1

|Ai|

)3

,

Ù¥ |X|L«8Ü X ����ê.

y² �Ø�ª�du

mn
m∑
i=1

m∑
k=1

|Ai||Ai ∩ Ak| ≥

(
m∑
i=1

|Ai|

)3

. (∗)

- X = {x1, x2, · · · , xn}. K-

cij =

1, xj ∈ Ai;

0, xj /∈ Ai.

ai = |Ai| =
n∑
j=1

cij, bj =
m∑
i=1

cij.

�

(∗)⇔m

m∑
i=1

m∑
k=1

n∑
j=1

aicijckj ≥

(
m∑
i=1

ai

)3
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⇔mn
m∑
i=1

n∑
j=1

aibjcij ≥

(
m∑
i=1

n∑
j=1

cij

)3

. (**)

Ø�� ai 6= 0, bj 6= 0, i = 1, 2, · · · ,m, j = 1, 2, · · · , n. ù´Ï�, e,�

Ai = ∅, ½,� xj Øáu?Û�� Ai, KòÙí�.  (∗)�ý~�, mýØC.

5¿�,
m∑
i=1

n∑
j=1

cij
ai

=
m∑
i=1

ai
ai

= m,

m∑
i=1

n∑
j=1

cij
bi

= n.

¤±

(∗∗)⇔

(
m∑
i=1

n∑
j=1

aibjcij

)(
m∑
i=1

n∑
j=1

cij
ai

)(
m∑
i=1

n∑
j=1

cij
bj

)

≥

(
m∑
i=1

n∑
j=1

cij

)3

.

dmn�â��Ø�ª, þªw,. y.. �

µ5 dK�1�gÿÁ�J�K, Ù¥�dC/JÝ��.

K 2.1 3²¡þ�½n�/ ABC. � D,E, F ©O´> BC,CA,ABþ�

Ä:, ÷v BD = CE,CD = BF . L B,D, F n:���L C,D,E n:��

�u: D9,�: P . y²: ²¡¥�3�: Q, ¦��ã PQ��Ý�½�.

I
N

M

L

P

E

F

D CB

A

y² �4ABC S% I, � BC ¥R�� BC,BI, CI u L,M,N . K

BM =
BC

2 cos∠MBL
=

BC
sin∠ABC
sin 1

2
∠ABC

=
(BD +BF ) sin 1

2
∠ABC

sin∠ABC
.

=

BM sin∠DBF = BD sin∠MBD +BF sin∠MBF.

d�u½n, BDMF ��.
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Ón, CDME ��.

·�y² P 3 �MNI þ.

e P =M ½ P = N , (Ø®¤á. � P /∈ {M,N}, K

]MPN = ]MPD + ]DPN = ]MBD + ]DCN

= ](BM,CN) = ]MIN.

l PMNI ��. q �MNI �½�, �(Ø¤á. �

µ5 eÙG �BDF L½:�Ä�(Ø, K�¦�dK. eØÙGKN´

r�´; e�m©}Áé½���%, KÄ��Øe�.

K 2.2 � P (n)´ò nL«�eZ� (ØOgS)��ê�Ú��{ê. ~

X P (4) = 5, Ï� 4 kXe 5 �L«:

4, 1 + 3, 2 + 2, 1 + 1 + 2, 1 + 1 + 1 + 1.

¦¤k��ê n, ÷v

P (n) + P (n+ 4) = P (n+ 2) + P (n+ 3).

) ½Â Pk(n) �ò n L�ÃS�Ø�u k ���ê�Ú��{ê,

n, k ∈ N+. K P (n) = P1(n). Äky²

ÚÚÚnnn Pk(n) = Pk(n− k) + Pk+1(n), n ≥ k, n, k ∈ N+.

y² ò n©�Ø�u k���ê�©{� Pk(n)�, Ù©�üa:

(1) Ø¹ k��k Pk+1(n)�; (2) ¹ k�©{.

z«�K�� k, �k Pk(n− k)�.

�(Ø�y.

£££������KKK.

P (n) + P (n+ 4)− P (n+ 2)− P (n+ 3)

= (P (n+ 1)− P2(n+ 1)) + (P (n+ 3) + P2(n+ 4))

− (P2(n+ 2) + P (n+ 1))− P (n+ 3)

= − P2(n+ 1) + P2(n+ 4)− P2(n+ 2)

= P3(n+ 4)− P2(n+ 1).

l�L¦ n ∈ N+, ¦ P3(n+ 4) = P2(n+ 1).

é n ≤ 10¡Þ� n = 1, 3, 5ÎÜ.

9 êÆ#(�



n ≥ 11�, ·�y²: P2(n+ 1) > P3(n+ 4).

±ÃSê|L«��©{.

ò n + 4©�Ø�u 3 �ê�©{, ©� 1 ��k 1 «, ©� 2 ��k [n
2
]

«, �©�Ø�u 3 ��©{|¤8Ü X.

P3(n+ 4) = 1 +
[n
2

]
+ |X|.

ò n+1©�Ø�u 2 �ê�©{, ©� 1 ��k 1 «, ©� 2 ��k [n−1
2
]

«, �©�Ø�u 3 ��©{|¤8Ü Y .

P2(n+ 1) = 1 +

[
n− 1

2

]
+ |Y |.

ey |Y | ≥ |X|+ 2.

·��Eü� f : X → (Y \ {(2, 2, 2, 2, n− 7), (2, 2, 2, 2, 2, n− 9)}).

é x = (x1, x2, · · · , xk) ∈ X, x1 ≤ x2 ≤ · · · ≤ xk, k ≥ 3. -

f(x) = (x1 − 1, x2 − 1, x3 − 1, x4, · · · , xk).

²w f �ü�÷vK¿. � |Y | − 2 ≥ |X|.

l

P2(n+ 1) ≥ 1 +
([n

2

]
− 1
)
+ |X|+ 2 > 1 +

[n
2

]
+ |X| = P3(n+ 4).

� n ≥ 11ØÎÜ.

nþ, ¤¦ n = 1, 3, 5. �

µ5 �dC/5{z¯K. ¢Sþ, K¥� 2, 3, 4 þ´ÀÐ�; e�C�

e�NùKÒØU�
. P (n)�)ÛL�ªáu�)��, ¤±dKØ�Uk

Ã¡õ|k5Æ�).

K 2.3 �½��ê p, q, ç�þ�k n���ê, #Néù
ê?1Xeö

�: ?�ç�þü��Ó�ê a� a, òùü�êÞ��2�þ a + p� a + q,

ù¡��gö�. XJç�þ n�êpØ�Ó, KØU2ö�. ¦�����ê

n, ¦��3ç�þ� n���ê, éù n�ê�3��Ã��ö�S�.

) �Y´ p+q
(p,q)

.

Äk�Ñ n = p+q
(p,q)
��E: � d = (p, q), p = p1d, q = q1d. -

Ai = {(i+ 1)d, (i+ 2)d, · · · , (i+ p1)d, (i+ 1)d, (i+ 2)d, · · · , (i+ q1)d}

��8 (i ∈ N).

é Ai¥�ü� (i + 1)dö��g=� Ai+1. ��l A0Ñuzgö���
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�, ��Ã¡ö�S�.

ey n = p+q
(p,q)
����.

E- d = (p, q), p = p1d, q = q1d. Ø�� p ≤ q. �����ê����ö

�Ã¡g�8Ü A, � |A| = n. d�EÜ©, n ≤ p+q
(p,q)

.

� A0 = A. K�3Ã¡�8Ü� {Ai}i∈N, ¦ Aiö��g�� Ai+1.

5¿�ê� {ti = minAi}üNØ~. ey {ti}Ã.. eØ,, �3 i0 ∈ N+,

é?¿ i ≥ i0, k ti = t. Kl Ai0 ¥í��� t�EUö�Ã¡g, � n��5

gñ.

�K = {x ∈ N+ | x ∈ Ai, i ∈ N}�3� Ai¥ÑyL���.

é?¿ x ∈ K, � x ∈ Aj. Kd {ti}Ã.5, �3 k ≥ j, ÷v tk > x. ��

��� k ≥ j ¦ x /∈ Ak, 7ké Ak−1�ü� xö��g�� Ak.

ùL² x+ p, x+ q ∈ Ak, = x+ p, x+ q ∈ K. �K + p,K + q ⊆ K. ?

K + (up+ vq) ⊆ K, u, v ∈ N.

,��¡, dÙ�(Ø, é?¿ s ≥ (p1 − 1)(q1 − 1), �3 u, v ∈ N, ¦�

p1u+ q1v = s. l, K + sd ⊆ K.

?� t ∈ K, M ≥ (p1 − 1)(q1 − 1), M ∈ N+.

½Â ci��8 Ai¥�u t+Md+ q����ê. K� i¿©�� ci = 0.

� i0¦ ci0 = 0. w, {ci}üNØO.

5¿� t+Md+ rd ∈ K, r = 0, 1, · · · , q1 − 1. �éù
ê���ö��g.

�é Ajr ¥�ü� t+Md+ rdö��g�� Ajr+1, r = 0, 1, · · · , q1 − 1. K

cjr − cjr+1 =

1, 0 ≤ r < q1 − p1;

2, q1 − p1 ≤ r < q1.

l

n = |A0| ≥ c0 = ci0 +

i0−1∑
i=0

(ci − ci+1)

≥
q1−1∑
r=0

(cjr − cjr+1) = p1 + q1

=
p+ q

(p, q)
.

y.. �

µ5 dK´1�g� 6 K¥�(J�K, `n�ØN´`�Ù. �²w�

�{´Ø�� (p, q)p�, ¿�zgö����ê.
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K 2.4 � k´�u 1 ��ê, � k − 1k²�Ïf, M ´��ê. y²: �

3�¢ê α, ¦�é?¿��ê n, ê [αkn]�M p�. ùp [x]L«Ø�L¢ê

x����ê.

5: é��êm, e�3�ê d > 1, ¦� d2 | m, K¡mk²�Ïf.

y² � k = ad2 + 1, aÃ²�Ïf, d ∈ N+, d ≥ 2.

�é��êm, P (m) =
{
p ∈ N+ | p��ê, p | m

}
.

� Q = P (M) \ P (adk).

d¥I�{½n, �3 t ∈ N+, ¦t ≡ 1 (mod ad2k);

t ≡ 0 (mod q), q ∈ Q.

- α = t(d+1)
d

. d

t(d+ 1)kn ≡ 1 · 1 · 1 ≡ 1 (mod d),

�
{
t(d+1)kn

d

}
= 1

d
. ¤±

[αkn] =
t(d+ 1)kn − 1

d
, n ∈ N+.

([αkn], ad) =
(t(d+ 1)kn − 1, ad2)

d
=

(d, ad2)

d
= 1.

([αkn], k) | (t(d+ 1)kn − 1, k) = 1.

([αkn], q) = (t(d+ 1)kn − 1, q) = 1, q ∈ Q.

�é?¿ q ∈ p(M), q - [αkn]. = (M, [αkn]) = 1. lÎÜK¿, y.. �

µ5 eß α�Ãnê, KA�Ø�U�Ñ. ��KéN´��± d�©1

�E (k?�e)Ì��ê.

K 2.5 �½��ê nÚ k, ÷v n ≥ 4k. ¦���¢ê λ = λ(n, k), ¦�é

?¿�¢ê a1, a2, · · · , an, Ñk
n∑
i=1

ai√
a2i + a2i+1 + · · ·+ a2i+k

≤ λ,

ùp an+j = aj, j = 1, 2, · · · .

) -M ∈ R+, ai = M−i, i = 1, 2, · · · , n. -M → +∞, K LHS→ n− k.

� λ ≥ n− k.

ey λ = n− kÎÜ.
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(1) n = 4, k = 1�, ü>²�, �Ly

a21
a21 + a22

+
a22

a22 + a23
+

a23
a23 + a24

+
a24

a24 + a21

+
2a1a2√

(a21 + a22)(a
2
2 + a23)

+
2a2a3√

(a22 + a23)(a
2
3 + a24)

+
2a3a4√

(a23 + a24)(a
2
4 + a21)

+
2a4a1√

(a24 + a21)(a
2
1 + a22)

+
2a1a3√

(a21 + a22)(a
2
3 + a24)

+
2a2a4√

(a22 + a23)(a
2
4 + a21)

≤ 9. (∗)

d

a21
a21 + a22

+
a22

a22 + a23
+

a23
a23 + a24

+
a24

a24 + a21

≤ a21 + a23 + a24
a21 + a22 + a23 + a24

+
a22 + a24 + a21

a21 + a22 + a23 + a24
+

a23 + a21 + a22
a21 + a22 + a23 + a24

+
a24 + a22 + a23

a21 + a22 + a23 + a24

= 3,

±9

a1a3√
(a21 + a22)(a

2
3 + a24)

+
a2a4√

(a22 + a23)(a
2
4 + a21)

≤ a1a3
a1a3 + a2a4

+
a2a4

a1a3 + a2a4
= 1,

a1a2√
(a21 + a22)(a

2
2 + a23)

+
a3a4√

(a23 + a24)(a
2
4 + a21)

≤ a1a2
a1a2 + a2a3

+
a3a4

a3a4 + a4a1
= 1,

a2a3√
(a22 + a23)(a

2
3 + a24)

+
a4a1√

(a24 + a21)(a
2
1 + a22)

≤ a2a3
a2a3 + a3a4

+
a4a1

a4a1 + a1a2
= 1,

� (∗) ¤á.

(2) n = 4k�,

4k∑
i=1

ai√
a2i + · · ·+ a2i+k

≤
4k∑
i=1

ai√
a2i + a2i+k

=
k∑
i=1

 ai√
a2i + a2i+k

+
ai+k√

a2i+k + a2i+2k

+
ai+2k√

a2i+2k + a2i+3k

+
ai+3k√
a2i+3k + a2i


≤

k∑
i=1

3 = 3k = n− k.

(3) é n8B. n = 4k�®y.

�(Øé n− 1¤á. �Ä� n �, Ø�� an = max {a1, · · · , an}.

- a′i = ai, i = 1, 2, · · · , n− 1. a′i+n−1 = a′i.

n∑
i=1

ai√
a2i + · · ·+ a2i+k

≤ 1 +
n−1∑
i=1

ai√
a2i + · · ·+ a2i+k

13 êÆ#(�



≤ 1 +
n−1∑
i=1

a′i√
a′2i + · · ·+ a′2i+k

.

d8Bb�,
n−1∑
i=1

a′i√
a′2i + · · ·+ a′2i+k

≤ n− 1− k.

�(Øé n ¤á.

d8B{, é?¿ n ∈ N+, n ≥ 4k. (Ø¤á. y.. �

µ5 dK�8BCÄ (n = 4, k = 1)k�½JÝ, �¡�8B{´g,�.

K 2.6 � a, b, r´�ê, a ≥ 2, r ≥ 2. e�3¼ê f : Z → ZÚ�êM ÷

ve�^�:

(1) é?¿�ê n, f (r)(n) = an+ b, ùp f (r)L« f � rgS�;

(2) é?¿�ê n ≥M , k f(n) ≥ 0;

(3) é?¿�êm,n, m > n ≥M , k (m− n) | (f(m)− f(n)).

y²: �3��ê c, ¦� a = cr.

y² ?�m > M . - s = f(m), t = f(m+ 1)− f(m).

b��3 i, ¦� f(m+ i) 6= s+ it, � i ∈ N+.

- d = |f(m+ i)− (s+ it)|.

� x ∈ N+¿©�, Ké?¿ y ≥ x,

y > d+ i;

ty + s+ y(y − 1) ≥M + 2xy;

ty + s− y(y − 1) < 0;

M + (2n)ry > a(m+ y) + b.

lé?¿ y ≥ x, 
y − i | f(m+ y)− f(m+ i);

y | f(m+ y)− f(m);

y − 1 | f(m+ y)− f(m+ 1).

ù`² y(y − 1) | f(m+ y)− (s+ ty).

d (s+ ty)− y(y − 1) < 0, 9 f(m+ y) ≥ 0� f(m+ y) ≥ s+ ty.

e f(m+ y) = s+ ty, K y − i | d, � y − i > d > 0, gñ.
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� f(m+ y) ≥ s+ ty + y(y − 1) ≥ m+ 2ay, y ∈ N+, y ≥ x.

S� rg�

f (2)(m+ y) ≥ m+ 2a(f(m+ y)−m) ≥ m+ (2a)ry

· · · · · ·

f (r)(m+ y) ≥ m+ 2a(f (r−1)(m+ y)−m) ≥ m+ (2a)ry > a(m+ y) + b

gñ.

�b�Ø¤á. =é?¿ i ∈ N, f(m+ i) = s+ ti ≥ 0. � s ≥ 0, t ≥ 0.

e t = 0, K f(m) = f(m+ 1), = f (r)(m) = f (r)(m+ 1), gñ. � t > 0.

- g(x) = t(x−m) + s.

� x¿©�, ¦ x > m, g(x) > m, g(2)(x) > m, · · · , g(r)(x) > m. Ké?

¿ y ≥ x, y ∈ N+. f(y) = g(y), f (2)(y) = g(2)(y), · · · , f (r)(y) = g(r)(y).

'� f (r)(y) = g(r)(y)ü>�g�Xê, � a > tr. y.. �

µ5 dK��18Kq�JÝØ
. §'1nK�{ü. �'1ÊK{ü.

�Lã�kJÝ.
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